Bearing capacity of a circular foundation on layered sand–clay media  by Kumar, Jyant & Chakraborty, Manash
H O S T E D  B Y The Japanese Geotechnical Society
Soils and Foundations
Soils and Foundations 2015;55(5):1058–1068http://d
0038-0
nCor
E-m
manasr
Peerx.doi.org/1
806/& 201
respondin
ail addre
cr@civil.ii
review unencedirect.com
w.elsevier.com/locate/sandfwww.sci
journal homepage: wwBearing capacity of a circular foundation on layered sand–clay media
Jyant Kumarn, Manash Chakraborty
Indian Institute of Science, Bangalore 560012, India
Received 22 July 2014; received in revised form 21 March 2015; accepted 19 April 2015
Available online 26 September 2015Abstract
The bearing capacity of a circular footing lying over fully cohesive strata, with an overlaying sand layer, is computed using the axisymmetric
lower bound limit analysis with ﬁnite elements and linear optimization. The effects of the thickness and the internal friction angle of the sand are
examined for different combinations of cu/(γb) and q, where cu¼ the undrained shear strength of the cohesive strata, γ¼ the unit weight of either
layer, b¼ the footing radius, and q¼ the surcharge pressure. The results are given in the form of a ratio (η) of the bearing capacity with an
overlaying sand layer to that for a footing lying directly over clayey strata. An overlaying medium dense to dense sand layer considerably
improves the bearing capacity. The improvement continuously increases with decreases in cu/(γb) and increases in ϕ and q/(γb). A certain
optimum thickness of the sand layer exists beyond which no further improvement occurs. This optimum thickness increases with an increase in ϕ
and q and with a decrease in cu/(γb). Failure patterns are also drawn to examine the inclusion of the sand layer.
& 2015 The Japanese Geotechnical Society. Production and hosting by Elsevier B.V. All rights reserved.
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The bearing capacity solutions available in literature are
generally meant for homogeneous soil deposits (Terzaghi,
1943; Meyerhof, 1963; Hansen, 1970; Vesic, 1973). In some
cases, foundations need to be constructed over soft clay
deposits for which the bearing capacity can be improved
signiﬁcantly by providing either stone columns or a layer of
medium dense to dense sand below the footing base (Terzaghi
and Peck, 1948; Hughes and Withers, 1974; Hanna and
Meyerhof, 1980). In such cases, it is necessary to assess the
improvement in bearing capacity as well as the reduction in
settlement with an overlaying sand layer. The aim of the
present research is to determine the ultimate bearing capacity0.1016/j.sandf.2015.09.008
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der responsibility of The Japanese Geotechnical Society.with an overlaying sand layer for a circular footing which lies
over fully cohesive strata. With reference to existing studies,
Terzaghi and Peck (1948) determined the bearing capacity of a
strip footing overlying clayey strata with an overlay of a sand
layer with an assumption that the sand mass spreads the
footing load over a larger area and eventually, the shear failure
occurs within clay strata. Using the limit equilibrium approach,
Meyerhof (1974) and Hanna and Meyerhof (1980) proposed
simpliﬁed expressions for ﬁnding the ultimate bearing capacity
of strip and circular footings with a sand layer overlying the
clayey strata. A punching shear failure mechanism was
assumed in the sand layer, and a truncated pyramid, encom-
passing the sand mass along with the footing base, is pushed
into the lower clayey strata wherein eventually a general shear
failure occurs. By assuming a failure mechanism comprised of
a series of triangular blocks, Georgiadis and Michalopoulos
(1985) evaluated the bearing capacity of a strip footing placed
over a combination of cohesive and non-cohesive strata. Oda
and Win (1990) conducted small-scale model strip footing testsElsevier B.V. All rights reserved.
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clayey stratum. Craig and Chua (1990) performed centrifuge
model tests on spudcan footings with an overlaying stronger
sand stratum lying over weaker clayey strata. By assuming the
rigid block collapse mechanism, Michalowski and Shi (1995)
evaluated the bearing capacity of a strip footing placed over a
layer of granular soil media underlain by clayey strata. By
applying FLAC and the ﬁnite element program, Burd and
Frydman (1997) computed the bearing capacity of a strip
footing placed on layered sand–clay media. By conducting
model tests, the load-deformation response of a strip footing
placed on a sand bed overlying clayey strata, was observed by
Kenny and Andrawes (1997). Okamura et al. (1997) conducted
centrifuge model tests for different footings placed on dense
sand overlying soft clay. Okamura et al. (1998) proposed a
limit equilibrium method for estimating the bearing capacity of
a sand layer overlying a deep clayey deposit. Using the ﬁnite
element limit analysis, Shiau et al. (2003) bracketed the
bearing capacity for a strip footing placed on a two-layer soil
media. A modiﬁed failure mechanism, based on the upper-
bound theorem of the limit analysis, was assumed by Huang
and Qin (2009) for determining the bearing capacity of a rigid
strip footing placed over two-layer soil media. By applying
Plaxis, Ornek et al. (2012) examined the scale effects for
circular footings placed on natural clay deposits stabilized with
compacted granular layers. By performing centrifuge model
tests, Lee et al. (2013a) studied the behavior of ﬂat circular and
spudcan footings placed on sand overlying a clayey stratum.
Lee et al. (2013b) developed a method with an assumption of
the conical collapse mechanism by incorporating the dilatancy
angle (ψ) of sand. It may be noted that most of the existing
approaches for this type of footing problem over a two-layer
soil mass are generally based on the assumption of the failure
mechanism. The present research does not make any such kind
of approximation.
Using the axisymmetric lower bound limit analysis in
combination with ﬁnite elements and the linear optimization
technique, the bearing capacity of a circular footing lying over
a sandy layer, which is underlain by fully cohesive strata, is
determined. The effects of the thickness of the sand layer and
its internal friction angle on the results have been examined for
different normalized values of undrained cohesion for clayey
strata. Failure patterns have also been drawn for a number of
cases. The results from the analysis have been compared
with the available theoretical and experimental data from
the literature.
2. Deﬁnition of the problem
A circular footing of radius b is placed on a sand layer
which lies over homogenous clayey strata. The thickness of the
sand layer is h. The ground is horizontal and is subjected to
uniform surcharge pressure (q). The soil layers are assumed to
be perfectly plastic and to obey an associated ﬂow rule and the
Mohr–Coulomb yield criterion. The footing is subjected to
vertical downward load (Q) without any eccentricity. It is to
evaluate the average limit pressure (pu) as deﬁned by thefollowing expression:
p
Q
b 1
u
u
2π
= ( )
Here Qu is the magnitude of the collapse load. The value of
pu/(γb) becomes a function of the following non-dimensional
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where ϕ deﬁnes the internal friction angle of the sand layer and
cu denotes the undrained shear strength of the clay. The unit
weights (γ) of both the sand layer and the clayey strata are
assumed to be the same.
3. Problem domain, boundary conditions, and mesh
The problem remains symmetrical for the vertical axis
passing through the center of the footing. By keeping the axis
of symmetry as one of the boundaries, a planar domain in the
r–z plane was employed. The thickness of the clayey stratum
(h′) and the horizontal extent of the domain measured from the
footing edge (L) were chosen such that an extension of the size
of the domain, beyond that chosen, does not affect the
magnitude of the collapse load. For such a domain, the yielded
elements generally do not approach any of the chosen
boundaries. Considering these aspects, L and h′ were kept
within the range of 5.5b to 22.5b and 4.35b to 17.75b,
respectively. The chosen problem domain along with the
governing stress boundary conditions are depicted in Fig. 1.
Along the central axis (MN) of the domain, the shear stress is
zero. Along the ground surface (PQ), τrz¼0 and sz¼q. No
stress boundary conditions need to be explicitly speciﬁed along
lines ON or OQ. The roughness angle along the footing–soil
interface is speciﬁed to equal δ. Along the interface of the
footing–sand surface, the following inequality condition has
been imposed: │τrz│r (ccotϕsz) tanδ. Since the footing–
soil interface is generally rough, δ has been taken as being
equal to ϕ. Three-node triangular elements are used to
discretize the problem domain. To simulate a sudden change
in the directions of the principal stresses at the edge of the
footing, the sizes of the elements are gradually decreased and
approach the footing edge. Typical meshes for two different
values of h/b, corresponding to ϕ¼301 and ϕ¼351, are
illustrated in Fig. 2(a) and (b), respectively. Parameters E, N,
Ni, and Dc refer to the total number of elements, nodes, nodes
along the footing–soil interface, and discontinuities,
respectively.
4. Analysis
While performing a lower bound limit analysis, it is
necessary to construct a statically admissible stress ﬁeld so
that, in the domain, the equilibrium conditions are satisﬁed, the
normal and shear stresses remain continuous along the chosen
stress discontinuities, the prescribed stress boundary conditions
Fig. 1. Chosen domain and stress boundary conditions for circular footing on two-layer sand–clay media.
Fig. 2. Finite element meshes for cu/(γb) ¼1, q/(γb)¼0 with (a) h/b¼0.5 and
ϕ¼351and (b) h/b¼2 and ϕ¼301.
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is not violated. The analysis involves four basic unknown
stress variables (sr, sz, τrz, and sθ) at each node for a triangular
element. Fig. 3(a) shows the stresses associated with each nodeof an element (e); Fig. 3(b) shows the stress discontinuity line
along the interfaces between two elements, a and b; and Fig. 3
(c) prescribes the stress boundary conditions along side l,
where (q1, t1) and (q2, t2) are the prescribed normal and shear
stresses at nodes 1 and 2, respectively. After constructing the
statically admissible stress ﬁeld, the collapse load is computed
by integrating the normal stresses along the soil–footing
interface. Following the Haar and von Kármán (1909), the
circumferential stress (sθ) is kept closer to the minor principal
stress (s3). The steps for performing the analysis were kept
exactly the same as that prescribed by Kumar and Khatri
(2011); and hence, the procedure is not repeated herein. After
obtaining all the global equality and inequality constraints, the
discrete formulation of the lower bound limit analysis takes the
following canonical form for the standard linear programming
problem:
gMaximize: 3aTσ ( )
A BSubjected to: 3beq eqσ = ( )
A BSubjected to: 3cineq ineqσ ≤ ( )
where g is the known global vector of the objective function,
Beq and Bineq are the known global vectors of the equality and
inequality constraints, respectively, Aeq and Aineq are the
known global matrices of the equality and inequality con-
straints, respectively, and s is an unknown vector of the nodal
stresses which can be expressed as
...
T
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Here, the collapse load is maximized and subjected to a set
of equality and inequality constraints. The computer code was
Fig. 3. (a) Nodal stresses for triangular elements, (b) statically admissible stress discontinuity between element interfaces and (c) stress boundary conditions.
Table 1
The values of pu
*/(γb) corresponding to different values of cu/(γb) and q/(γb) for
a rigid rough circular footing lies completely over a homogenous fully
cohesive soil (ϕ¼01)
cu/(γb) q/(γb)
0 0.5 1
0.10 0.60 1.11 1.61
0.25 1.50 2.02 2.52
0.50 3.00 3.53 4.03
0.75 4.51 5.04 5.54
1 6.01 6.56 7.06
2 12.02 12.64 13.12
3 18.03 18.68 19.18
4 24.04 24.74 25.24
5 30.05 30.80 31.30
7.5 45.01 45.95 46.45
10 60.10 61.10 61.60
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by applying LINPROG, a library program in MATLAB.
5. Results
The collapse load, computed from the present analysis, is
expressed in terms of a non-dimensional efﬁciency factor (η)
which is deﬁned as the ratio of the bearing capacity (pu), in the
presence of the sand layer, to that for a footing placed directly
over clayey strata. The bearing capacity values (pu
*) for a rough
footing placed directly over homogenous fully cohesive strata,
corresponding to different values for cu/(γb) and q/(γb), are
indicated in Table 1. Note that the magnitudes of pu
*/(γb)
increase with increases in both cu/(γb) and q/(γb).
Figs. 4–6 present the variations in η with h/b for different
combinations of cu/(γb), ϕ, and q/(γb). Three different values
were chosen for q/(γb), namely, 0, 0.5, and 1, and parameter cu
/(γb) was varied between 0.1 and 10. In all the cases,
computations were performed for four different values of ϕ,
namely, 301, 351, 401, and 451. Note that for small values of cu
/(γb), η increases continuously with an increase in h/b up to a
certain optimum thickness (hopt) of the sand layer beyond
which η becomes almost constant. For h4hopt, the bearing
capacity corresponds to that for the footing placed entirely
over sandy strata; note that hopt depends on cu/(γb) as well. The
maximum value for η, corresponding to hopt, increases con-
tinuously with decreases in cu/(γb) and increases in ϕ and q/
(γb). Note that for q/(γb)¼0, cu/(γb)¼0.10, and h/b¼5, η
becomes as high as 25.30 and 515.81 corresponding to ϕ
values of 301 and 451, respectively. This implies that an
extensive increase in the bearing capacity can be attained bychoosing the appropriate values for h and ϕ. It can also be seen
that when a layer of sand with a smaller frictional angle is
placed over clayey strata with greater values for cu/(γb), the
bearing capacity initially decreases with an increase in h, and
ﬁnally, the magnitude of η increases again with an increase in
h/b. The improvement in the bearing capacity is extensive
when a layer of medium dense to dense sand is placed above
soft clayey strata. Fig. 7 shows the variation in hopt/b for
different values for ϕ and cu/(γb). It should be observed that
the value for hopt increases continuously with decreases in cu
/(γb) and increases in ϕ and q/(γb). Without any surcharge
pressure, for a sand layer with ϕ¼401, hopt/b decreases from
5.02 for cu/(γb)¼0.1 to about 2.85 for cu/(γb)¼5.0.
Fig. 4. Variation in efﬁciency factor with h/b and cu/(γb) for q/(γb)¼0 with (a) 301, (b) 351, (c) 401 and (d) 451.
Fig. 5. Variation in efﬁciency factor with h/b and cu/(γb) for q/(γb)¼0.5 with (a) 301, (b) 351, (c) 401 and (d) 451.
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sand layer overlying a thick soft clay deposit. The values for pu
/(γb) are presented for two different values of cu/(γb), namely, 0.10
and 0.25, and with h/b equal to 0.25 and 0.50. The results have
been provided for a range of ϕ values. The results are presentedcorresponding to two different values for q/(γb), namely, 0 and 1.
Note that even a thin layer of sand, when placed over a soft clay
deposit, increases the bearing capacity quite signiﬁcantly; η varies
between 1.06 and 3.58. The improvement in the bearing capacity
increases with an increase in ϕ and q/(γb).
Fig. 6. Variation in efﬁciency factor with h/b and cu/(γb) for q/(γb)¼1.0 with (a) 301, (b) 351, (c) 401 and (d) 451.
Fig. 7. Variation in hopt /b with ϕ for q/(γb)¼0–1 and cu/(γb)¼0.1 and 5.
Table 2
The values of η for a footing lying over soft clay with an inclusion of a thin
layer of sand.
q/( γb) h/b ϕ η
cu/(γb)¼0.10 cu/(γb)¼0.25
0 0.25 301 1.10 1.06
351 1.16 1.12
401 1.49 1.24
451 1.59 1.31
0.50 301 2.12 1.55
351 2.18 1.85
401 2.87 2.05
451 3.28 2.55
1 0.25 301 1.53 1.31
351 1.64 1.56
401 2.35 2.07
451 2.61 2.24
0.50 301 2.30 2.10
351 2.52 2.27
401 3.19 2.87
451 3.58 3.07
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6.1. For homogenous fully cohesive soil
The values for Nc for ϕ¼01 were compared with the
solutions provided by Kusakabe et al. (1986), based on the
upper bound rigid block mechanism, (Houlsby and Martin,
2003), based on the method of stress characteristics, and
(Khatri and Kumar, 2009), based on the lower bound limit
analysis in combination with ﬁnite elements and linear
optimization. A comparison of the results is provided in
Table 3. The present values for Nc correspond closely to the
results of Houlsby and Martin (2003) and Khatri and Kumar
(2009). The upper bound values for Nc, provided by Kusakabe
et al. (1986), are found to be slightly greater.6.2. For homogenous sand
The values for Nγ, obtained from the present analysis for a
rough footing, were compared with the results reported by De
Simone (1985) and Martin (2004), based on the method of stress
characteristics, (Erickson and Drescher, 2002), based on FLAC,
(Loukidis and Salgado, 2009), using the elasto-plastic ﬁnite
Table 3
A comparison of Nc and Nγ for a rough circular footing corresponding to different values of ϕ.
Bearing
capacity
coefﬁcient
ϕ Present
solution
Khatri and
Kumar
(2009)
Houlsby and
Martin
(2003)
Kusakabe
et al.
(1986)
Kumar and
Khatri
(2011)
De
Simone
(1985)
Martin
(2004)
Erickson and
Drescher
(2002)
Loukidis and
Salgado
(2009)
Lyamin et.al.
(2007)
Lower
Bound
Upper
Bound
a a b c a b b d e f f
Nc 01 6.01 6.00 6.05 6.31 – – 5.69 – – – –
Nγ 301 14.80 – – – 14.65 15.73 15.54 – 15.80 14.10 19.84
351 40.10 – – – 39.97 42.38 41.97 45.00 42.00 37.18 52.51
401 116.57 – – – 116.20 124.46 124.10 130.00 122.20 106.60 157.20
451 380.08 – – – 379.79 418.93 419.44 456.00 408.50 338.00 539.20
aLower bound limit analysis with ﬁnite elements and linear programming.
bMethod of characteristics.
cUpper bound solution using rigid block method.
dBy using FLAC.
eBy using elasto-plastic ﬁnite-element method.
fThree-dimensional numerical limit analysis with ﬁnite elements and non-linear programming.
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dimensional ﬁnite element limit analysis and nonlinear optimi-
zation, (Kumar and Khatri, 2011), based on the lower bound
limit analysis in combination with ﬁnite elements and linear
optimization. A comparison of these results is given in Table 3.
The present values for Nγ, lie between the lower and upper
bound solutions reported by Lyamin et al. (2007), correspond
very closely to the solution reported by Kumar and Khatri
(2011), and become only marginally smaller than the corre-
sponding solutions of De Simone (1985), Erickson and Drescher
(2002) and Loukidis and Salgado (2009).The lower bound
analysis of Lyamin et al. (2007) provides a relatively smaller
magnitude of Nγ due to the usage of the three-dimensionalFig. 8. Comparison of variation in η with cu/(γb) for q/(γb)¼0 for (a) h/b¼2 and ϕ¼elements which cause an increase in the computational effort in
achieving the optimization.6.3. For layered media
The present results for a circular footing lying on layered
sand–clay media were compared with the solutions generated
on the basis of the following expression recommended by
Hanna and Meyerhof (1980):
⎜ ⎟ ⎜ ⎟⎛⎝
⎞
⎠
⎛
⎝
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p
b
p
b
h
b
sk
h
b
p
b
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s
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2
sand
γ γ
φ
γ
= + − ≤
( )
− −401, (b) h/b¼4 and ϕ¼401, (c) h/b¼2 and ϕ¼451 and (d) h/b¼ 4 and ϕ¼451.
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footing placed over a homogeneous bed of pure clay and sand,
respectively, shape factor s¼1.20, and ks is the punching shear
coefﬁcient which is determined following Hanna and
Meyerhof (1980). A comparison of the two solutions, in terms
of the efﬁciency factor (η) with changes in cu/(γb), is presented
in Fig. 8 for h/b¼ 2 and 4 and ϕ¼401 and 451. The present
solution matches reasonably well with the predictions of
Hanna and Meyerhof (1980). It should be observed that the
present analysis provides slightly higher magnitudes of η. The
formulation of Hanna and Meyerhof (1980) is based on the
limit equilibrium approach (LE) with an assumption of the
geometry of the failure mechanism. In Fig. 8, a comparison of
the present results for a circular footing is also provided with
the corresponding results for a strip footing placed on sand-
clay layered media as reported by (a) Michalowski and Shi
(1995) based on the upper bound limit analysis, but by
assuming the geometry of the collapse mechanism (UB), (b)
Burd and Frydman (1997) by using FLAC and FEM, and (c)
Shiau et al. (2003) based on the lower bound (LB) and upper
bound (UB) limit analysis in combination with ﬁnite elements
and nonlinear optimization. It can be noted that in a qualitative
sense, for both strip and circular footings, the variation in η
with h/b looks more or less similar. This comparison reveals
that as compared to the strip footing case, the improvement in
the bearing capacity with an insertion of a sand layer becomes
relatively greater for a circular foundation.Table 4
A comparison of pu/(γb) from the present analysis with centrifuge tests' results
of Okamura et al. (1997) and the limit equilibrium solution of Okamura et al.
(1998) with ϕ¼ 401.
b (m) h/b cu/(γb) Present Okamura et al. (1997)
a Okamura et al. (1998) b
1.5 0 1.61 9.71 10.00 10.71
3.01 18.09 – 19.27
5.15 30.97 – 32.88
6.26 37.59 – 39.12
1 0.75 14.07 – 10.69
3.05 29.78 28.90 31.57
5.19 44.17 – 52.45
6.26 51.30 – 62.61
2 0.80 46.92 31.95 25.23
1.20 55.79 37.01 31.98
3.21 78.14 58.30 58.43
5.15 96.86 73.30 87.12
6.11 106.45  100.62
7.78 113.24  124.25
3 2.45 109.02  84.65
3.54 118.52 103.00 103.75
5.84 131.73 141.00 152.05
4 1.63 131.13 129.31 112.54
1.85 134.62 133.80 117.04
3.67 132.46 125.00 –
0.75 4 3.34 131.46 143.00 –
6.43 132.47 140.00 –
6 7.11 135.35 147.00 –
aBy using centrifuge test.
bLimit equilibrium method.For a circular footing lying on layered sand–clay media,
Table 4 shows a comparison of the present solution with the
centrifuge test results of Okamura et al. (1997) and the limit
equilibrium solution of Okamura et al. (1998) for an operative
friction angle equal to 401. It can be seen that the present
solution compares reasonably well with the results of Okamura
et al. (1997) and Okamura et al. (1998).
In Table 5, the results from the present analysis were
compared with the centrifuge test results of Craig and Chua
(1990) and Lee et al. (2013a) for different combinations of cu
/(γb) and h/b corresponding to different footing radii. The
comparisons of the present results have also been provided
with the theoretical solution obtained by Lee et al. (2013b). By
using PLAXIS, Lee et al. (2013a) have back calculated the
values of the operative internal friction and the dilation angles.
This back calculation was based on Bolton's empirical
strength–dilatancy approach (Bolton, 1986). In these calcula-
tions, the values for the critical state friction angle (ϕcv) and the
relative density of the sand were taken as being equal to 311
and 92%, respectively. It can be seen that the present values
for pu/(γb) always remain on the higher side in comparison to
the results of Lee et al. (2013a, 2013b) and Craig and Chua
(1990). This can be attributed to the fact that the present
analysis is meant for an associative ﬂow rule (ψ¼ϕ), which
eventually results in an overestimation of the collapse load,
that the analysis does not account for progressive shear failure,
and that the effect of the stress level on the friction angle also
leads to an overestimation of the collapse load.
6.4. Failure patterns
After obtaining the solution, the maximum and minimum
principal stresses, namely, s1 and s3, in the r–z plane, are
computed. Note that the tensile stresses are kept positive. The
proximity of the stress state at a point with respect to shear
failure can be assessed by determining ratio a/d which is
deﬁned by the following expressions:
(1) 3σ σ<θ⎜ ⎟
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Table 5
A comparison of pu/(γb) with the centrifuge tests data of (i) Lee et al. (2013a) and Craig and Chua (1990), and (ii) theoretical analysis of Lee et al. (2013b).
b (m) h/b ϕ (deg) ψ (deg) cu (kPa) cu/(γb) pu/(γb)
Present result Lee et al. (2013a)a Lee et al. (2013b)b Craig and Chua (1990)a
3 2.06 36.7 7.1 17.70 0.56 28.88 22.39 19.88 –
4 1.02 38.7 9.6 16.30 0.41 8.67 7.43 7.67 –
1.56 37.5 8.1 17.70 0.42 15.17 12.29 12.30 –
5 0.82 38.9 9.9 16.30 0.33 7.05 5.40 5.37 –
1.24 37.8 8.5 17.70 0.33 10.29 8.43 8.35 –
6 0.68 39.1 10.1 16.30 0.28 4.65 4.08 4.04 –
1.04 38.2 9.0 17.70 0.28 7.28 6.05 6.20 –
7 0.88 38.5 9.3 17.70 0.24 5.53 4.61 4.80 
1.00 38.1 7.6 42.00 0.58 9.32 – – 7.53
1.36 37.7 7.1 41.00 0.57 10.64 – – 8.85
8 0.78 38.6 9.4 17.70 0.21 4.34 3.92 3.92 –
aBy using centrifuge test.
bBy using a new conceptual model based on failure mechanism developed by Lee et al. (2013b).
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If a/d¼1, the point will be in a plastic state. On the other
hand, if a/do1, the point will correspond to a non-plastic
state. Fig. 9 shows the failure patterns for four different values
of h/b, namely, 0.5, 1.5, 2.5, and 3.5, with cu/(γb) ¼1, ϕ¼351,
and q/(γb)¼0. For h/b¼3.5, the failure zone is contained only
within the sand layer. On the other hand, for h/b¼0.5, 1.5, andFig. 9. Failure patterns for cu/(γb)¼1, ϕ¼351, q/(γb)¼0 with2.5, the failure zone extends even within the clayey stratum
and the size of the plastic zone increases continuously with an
increase in h/b.
Fig. 10 presents the failure patterns for four different values
of ϕ, namely, 301, 351, 401, and 451, with cu/(γb)¼1, q/(γb)¼
0, and h/b¼2. Note that for ϕ¼301, the failure zone is
conﬁned only within the sand layer. On the other hand, for
ϕZ 351, the failure zone extends even within the underlying
clayey strata. The size of the failure zone increases continu-
ously with an increase in ϕ. Fig. 11 shows the variation in
failure patterns with the changes in values for cu/(γb) from
0.1 to 5 with h/b¼1, ϕ¼351, and q/(γb)¼0. It can be seen(a) h/b¼0.5, (b) h/b¼1.5, (c) h/b¼2.5 and (d) h/b¼3.5.
Fig. 10. Failure patterns for cu/(γb)¼1, q/(γb)¼ 0, h/b¼2 with (a) ϕ¼301, (b) ϕ¼351, (c) ϕ¼401 and (d) ϕ¼451.
Fig. 11. Failure patterns for h/b¼ 1, ϕ¼351, q/(γb)¼0 with (a) cu/(γb)¼0.10,
(b) cu/(γb)¼1 and (c) cu/(γb)¼5.
Fig. 12. Failure patterns for h/b¼1.5, ϕ¼351, cu/(γb)¼0.10 with (a) q/(γb)¼
0, (b) q/(γb)¼0.5 and (c) q/(γb)¼1.
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increase in the value of cu/(γb). Fig. 12 illustrates the variation
in failure patterns with an increase in q/(γb) from 0 to 1 with
h/b¼1.5, ϕ¼351, and cu/(γb) ¼0.10. An increase in the
surcharge pressure leads to a continuous increase in the size of
the plastic zone. In all the failure pattern ﬁgures, the yielded
elements, for which the value of a/d becomes equal to 1, do
not touch any of the chosen boundaries of the domain.
7. Conclusions
By performing an axisymmetric lower bound limit analysis
in combination with ﬁnite elements and linear optimization,
the computations in this study have revealed that the bearing
capacity of a circular footing lying over a soft clay deposit
improves signiﬁcantly with the overlaying of a sand layer. The
bearing capacity has been expressed in terms of the variation in
the non-dimensional efﬁciency factor with changes in the
thickness of the sand layer for several combinations of ϕ, cu
(/(γb), and q/(γb). The efﬁciency factors increase with increases
in ϕ and q/(γb) and decreases in cu/(γb). The overlaying of a
medium dense to dense sand layer on soft clayey strata leads to
an extensive increase in the bearing capacity. A certain
optimum thickness (hopt) of the sand layer always exists
beyond which hardly any further increase in the bearing
capacity occurs with an increase in h/b and, for this case, the
bearing capacity can be simply evaluated by considering the
sand strata alone below the footing. The value for hopt/b
increases with increases in ϕ and q and decreases in cu/(γb).
The failure patterns indicate that an inclusion of the sand layer
below the footing generally leads to a wider spread of the
plastic zone. The results from the analysis were found to
correspond reasonably well with the available experimental
and theoretical data from the literature.
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